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 ❘❖❇▲❊▼❊ ✿ ➱)✉❛,✐♦♥ f 2 + f + Id = 0
❙♦✐9 ❧✬❡5♣❛❝❡ ✈❡❝9♦'✐❡❧ E = R

4
✳ ❖♥ ❛♣♣❡❧❧❡ B = (e1, e2, e3, e4) ❧❛ ❜❛5❡ ❝❛♥♦♥✐D✉❡ ❞❡ E✳
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f (e1) = 2 e1 − 4 e2 + e3
f (e2) = e1 + 3 e2 + 2 e3 + e4

f (e3) = −3 e1 + 24 e2 + 5 e3 + 4 e4
f (e4) = −57 e2 − 19 e3 − 12 e4

✶✳ ✭❛✮ ❈❛❧❝✉❧❡' f 2 (e1) ❡9 f
2 (e2)✳

▼♦♥9'❡' D✉❡ (e1, f (e1) , f
2 (e1)) ❡9 (e2, f (e2) , f

2 (e2)) 5♦♥9 ❞❡✉① ❢❛♠✐❧❧❡5 ❧✐#❡5✳

✭❜✮ ▼♦♥9'❡' D✉❡✱ 5✐ F1 = vect (e1, f (e1)) ❡9 F2 = vect (e2, f (e2)) ✱ E = F1 ⊕ F2

✷✳ ✭❛✮ ▼♦♥9'❡' D✉❡ B′ = (e1, f (e1) , e2, f (e2)) ❡59 ✉♥❡ ❜❛5❡ ❞❡ E

✭❜✮ ❊①♣'✐♠❡' ❧❡5 ❝♦♦'❞♦♥♥#❡5 ❞❡5 ✐♠❛❣❡5 ♣❛' f ❞❡5 ✈❡❝9❡✉'5 ❞❡ B′
❞❛♥5 ❧❛ ❜❛5❡ B′

✸✳ ❊♥ ❞#❞✉✐'❡ ❧✬❡①✐59❡♥❝❡ ❞❡ ❞❡✉① '#❡❧5 α ❡9 β 9❡❧5 D✉❡ ✿ αf 2 + βf + IdE = 0L(E)

&❆❘❚■❊ ■■ ❖♥ ❝♦♥5✐❞>'❡ ✐❝✐ ✉♥ ❡♥❞♦♠♦'♣❤✐5♠❡ u ❞❡ E 9❡❧ D✉❡ ✿ u2 + u+ IdE = 0L(E)✳

✶✳ ✭❛✮ ▼♦♥9'❡' D✉❡✱ ♣♦✉' 9♦✉9 x ∈ E ♥♦♥ ♥✉❧✱ ❧❛ ❢❛♠✐❧❧❡ (x, u (x)) ❡59 ❧✐❜'❡ ❞❛♥5 E✳

✭❜✮ ▼♦♥9'❡' D✉❡ u ❡59 ✉♥ ❛✉9♦♠♦'♣❤✐5♠❡ ❞❡ E ❡9 ❞#9❡'♠✐♥❡' u−1✳

✷✳ 5♦✐9 (x, y) ∈ E2
9❡❧5 D✉❡ ❧❛ ❢❛♠✐❧❧❡ (x, y, u(x)) 5♦✐9 ❧✐❜'❡✳

▼♦♥9'❡' D✉❡ ❧❛ ❢❛♠✐❧❧❡ (x, y, u(x), u(y)) ❡59 ✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜'❡✳

✸✳ ▼♦♥9'❡' D✉✬✐❧ ❡①✐59❡ ✉♥❡ ❜❛5❡ C = (f1, f2, f3, f4) ❞❡ E ❛✈❡❝ f3 = u (f1) ❡9 f4 = u (f2)✳
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✶✳ ❏✉59✐✜❡' D✉✬✐❧ ❡①✐59❡ ❞❡ 9❡❧5 ❡♥❞♦♠♦'♣❤✐5♠❡5 ❞❡ E

✷✳ ❖♥ ♣♦5❡ E1 = ker (u2 + u+ IdE) ❡9 E2 = ker (u)✳ ▼♦♥9'❡' D✉❡ ✿ Im(u) ⊂ E1 ❡9 D✉❡ E1 ❡9 E2

5♦♥9 59❛❜❧❡5 ♣❛' u✳

✸✳ ✭❛✮ ▼♦♥9'❡' D✉❡ ✿ E = E1 ⊕ E2

✭❜✮ ▼♦♥9'❡' D✉❡ ✿ E1 = Im(u) ❡9 D✉❡ E2 = Im (u2 + u+ IdE)✳

✹✳ ❙♦✐9 u1 ❧❛ '❡59'✐❝9✐♦♥ ❞❡ u C E1✳

✭❛✮ ▼♦♥9'❡' D✉❡ u1 ❡59 ✉♥ ❡♥❞♦♠♦'♣❤✐5♠❡ ❞❡ E1✳

✭❜✮ ❈❛❧❝✉❧❡' u2
1 + u1 + IdE1

✳

✭❝✮ ▼♦♥9'❡' D✉❡ ✿

✐✳ u 6= 0 =⇒ dim (E1) > 2

✐✐✳ dim (E1) > 2 =⇒ (dim (E1) = 4 ❡9 u ✐♥❥❡❝9✐✈❡ )
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