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◆♦"❛"✐♦♥&✿

n ❡#( ✉♥ ❡♥(✐❡' ♥❛(✉'❡❧ ✜①&✱ n > 2✳

F ❡#( ❧✬❡#♣❛❝❡ ✈❡❝(♦'✐❡❧ ❞❡# ❢♦♥❝(✐♦♥# '&❡❧❧❡# ❞&✜♥✐❡# #✉' R✳
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❙✐ f ∈ F ✱ ♦♥ ♥♦(❡ ∆(f) ❡( T (f) ❧❡# ❢♦♥❝(✐♦♥# '&❡❧❧❡# ❞&✜♥✐❡# ♣❛'✿

∀x ∈ R : ∆(f)(x) = f(x+ 1)− f(x), ❡( T (f)(x) = f(x+ 1)

❖♥ ❛❞♠❡(('❛ ✭❛✐#&♠❡♥(✦✮ :✉❡ ∆ ❡( T #♦♥( ❞❡# ❡♥❞♦♠♦'♣❤✐#♠❡# ❞❡ F ✳

❖♥ ♥♦(❡ ∆0 = T 0 = IdF ✭❞♦♥❝✱ &✐ f ∈ F ✱ ∆0(f) = T 0(f) = f✮✱ ❡(✱ #✐ j ∈ N✱ j > 1✱

∆j = ∆j−1 ◦∆ = ∆ ◦∆j−1, T j = T j−1 ◦ T = T ◦ T j−1.

✶✳ ✭❛✮ ✐✳ ❙♦✐( P ∈ E✱ ♥♦♥ ❝♦♥#(❛♥(✳ ∆(P ) ❡#( ✉♥❡ ❢♦♥❝(✐♦♥ ♣♦❧②♥A♠❡✳

❈♦♠♣❛'❡' ❧❡# ❞❡❣'&# ❞❡ ∆(P ) ❡( ❞❡ P ✳

❈❛❧❝✉❧❡' ❧❡ ❝♦❡✣❝✐❡♥( ❞♦♠✐♥❛♥( ❞❡ ∆(P ) ❡♥ ❢♦♥❝(✐♦♥ ❞❡ ❝❡❧✉✐ ❞❡ P ✳

✐✐✳ ❱&'✐✜❡' :✉❡ ∆ ✐♥❞✉✐( ✉♥ ❡♥❞♦♠♦'♣❤✐#♠❡ ❞❡ En✱ ♥♦(& ∆n✳

✭❜✮ ✐✳ ❉&(❡'♠✐♥❡' ker∆n✳

✐✐✳ ❊♥ ❞&❞✉✐'❡ ❧❡ '❛♥❣ ❞❡ ∆n✳ ❉&(❡'♠✐♥❡' Im∆n✳

✷✳ O♦✉' k ∈ N✱ ♦♥ ❞&✜♥✐( ❧❡# ❢♦♥❝(✐♦♥# ♣♦❧②♥A♠❡# Nk ♣❛'✿

∀x ∈ R, N0(x) = 1 ❡( Nk(x) =
x(x− 1) · · · (x− k + 1)

k!

✭❛✮ ✐✳ O♦✉' k > 1✱ ❡①♣'✐♠❡' ∆(Nk) ❡♥ ❢♦♥❝(✐♦♥ ❞❡# ♣♦❧②♥A♠❡# (Nj)j>0✳

✐✐✳ ❈❛❧❝✉❧❡'✱ ♣♦✉' j ∈ N ❡( k ∈ N✱ ∆j(Nk)✱ ♣✉✐#
(

∆j(Nk)
)

(0)✳

✭❜✮ ✐✳ ▼♦♥('❡' :✉❡ ❧❛ ❢❛♠✐❧❧❡ (N0, N1, ..., Nn) ❡#( ✉♥❡ ❜❛#❡ ❞❡ En✳

✐✐✳ ❙♦✐( P ∈ En✳ P #✬&❝'✐( P = a0N0 + a1N1 + · · ·+ anNn ♦Q (a0, a1, ..., an) ∈ R
n+1

✳

❊①♣'✐♠❡' ❧❡# aj ❡♥ ❢♦♥❝(✐♦♥ ❞❡#
(

∆j(P )
)

(0)✳

✸✳ ✭❛✮ ❙♦✐❡♥( k ∈ N ❡( f ∈ F ✳ ❉&(❡'♠✐♥❡' ♣♦✉' x ∈ R✱

(

T k(f)
)

(x)✳

✭❜✮ ❙♦✐( j ∈ N✳ ❙♦✐( f ∈ F ✳

✐✳ ❊①♣❧✐❝✐(❡' ∆j(f) ❡♥ ❢♦♥❝(✐♦♥ ❞❡# T k(f)✱ 0 6 k 6 j✳ ✭❖♥ ♣♦✉,,❛ ,❡♠❛,0✉❡, 0✉❡ ∆ = T − IdF ✮✳

✐✐✳ ❊♥ ❞&❞✉✐'❡ :✉❡

(

∆j(f)
)

(0) ♥❡ ❞&♣❡♥❞ :✉❡ ❞❡# ✈❛❧❡✉'# f(0), f(1), ..., f(j) ❞❡ f ❛✉① ♣♦✐♥(# 0, 1, ..., j
✳

✶
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❖♥ "❡ ❞♦♥♥❡ ✉♥❡ ❢♦♥❝)✐♦♥ f ❞❡ F ✳ ❖♥ ❝❤❡-❝❤❡ ❧❡" ♣♦❧②♥1♠❡" "♦❧✉)✐♦♥" ❞✉ ♣-♦❜❧4♠❡ (P) "✉✐✈❛♥)✿

(P)

{

degP 6 n
∀k ∈ {0, 1, ..., n}, P (k) = f(k)

❖♥ ♣♦"❡ N(x) =

n
∏

j=0

(x− j) = x(x− 1) · · · (x− n)✳

✶✳ ✭❛✮ ❙♦✐) ❧✬❛♣♣❧✐❝❛)✐♦♥ ❧✐♥=❛✐-❡ Φ✿
En → R

n+1

P 7→ (P (0), .., P (n))

▼♦♥)-❡- ?✉❡ Φ ❡") ✉♥ ✐"♦♠♦-♣❤✐"♠❡✳

✭❜✮ ❊♥ ❞=❞✉✐-❡ ?✉❡ ❧❡ ♣-♦❜❧4♠❡ (P) ♣♦""4❞❡ ✉♥❡ ✉♥✐?✉❡ "♦❧✉)✐♦♥ ♥♦)=❡ Pf ✳

✷✳ ✭❛✮ B♦✉- j ∈ {0, 1, ..., n}✱ ❝♦♠♣❛-❡-
(

∆j(f)
)

(0) ❡)
(

∆j(Pf )
)

(0)✳

✭❜✮ ❊♥ ❞=❞✉✐-❡ ❧✬ ❡①♣-❡""✐♦♥ ❞❡ Pf ❡♥ ❢♦♥❝)✐♦♥ ❞❡"
(

∆j(f)
)

(0) ❡) ❞❡" ♣♦❧②♥1♠❡" Nj ✳

✸✳ ❉❛♥" ❝❡))❡ ?✉❡")✐♦♥✱ ♦♥ "✉♣♣♦"❡ ?✉❡ f ❡") ❞❡ ❝❧❛""❡ Cn+1
✳

❖♥ ♥♦)❡ Mn = sup
{
∣

∣

∣
f (n+1)(t)

∣

∣

∣
, t ∈ [0, n]

}

✳

✭❛✮ ❙♦✐) x ∈ [0, n]✱ ♥♦♥ ❡♥)✐❡-✳ ▼♦♥)-❡- ?✉❡✿ ∃ c ∈ ]0, n[ / f(x)− Pf (x) =
f (n+1)(c)

(n+ 1)!
N(x)✳

✭❖♥ ♣♦✉--❛ ♣♦"❡- ϕ(t) = f(t)−Pf (t)−KN(t)✱ ♦G K ❡") )❡❧ ?✉❡ ϕ(x) = 0✱ ❡) ❛♣♣❧✐?✉❡- ❥✉❞✐❝✐❡✉"❡♠❡♥)
❧❡ )❤=♦-4♠❡ ❞❡ ❘♦❧❧❡✮✳

✭❜✮ ❊♥ ❞=❞✉✐-❡ ?✉❡✿ ∀x ∈ [0, n], |f(x)− Pf (x)| 6
1

n+ 1
Mn✳

✭❖♥ ♣♦✉--❛ ♠❛❥♦-❡- |N(x)| "✉- ❝❤❛?✉❡ ✐♥)❡-✈❛❧❧❡ [j, j + 1]✱ ♦G j ∈ {0, 1, ..., n− 1}✮✳

✷


